We find exact, simple solutions to the Proca version of Maxwell's equations with magnetic sources. Several properties of these solutions differ from the ususal case of magnetic charge with a massless photon: (i) the string singularities of the usual 3-vector potentials become real singularities in the magnetic fields; (ii) the different 3-vector potentials become gauge inequivalent and physically distinct solutions; (iii) the magnetic field depends on r and θ and thus is no longer rotationally symmetric; (iv) a combined system of electric and magnetic charge carries a field angular momentum even when the electric and magnetic charges are located at the same place (i.e. for dyons); (v) for these dyons one recovers the standard Dirac condition despite the photon being massive. We discuss the reason for this. We conclude by proposing that the string singularity in the magnetic field of an isolated magnetic charge suggests a confinement mechanism for magnetic charge, similar to the flux tube confinement of quarks in QCD.
I. INTRODUCTION
The incorporation of magnetic charge into Maxwell's equations taking into account basic quantum mechanics begins with the works of Dirac [1] [2] which showed that allowing magnetic charge gave a quantization condition between electric and magnetic charges. The basic set up Dirac considered was a Coulomb magnetic field B = gr r 2 with magnetic charge g coming from a 3-vector potentials of the form
The superscript stands for zero photon mass. The two potentials in (1) are singular along the entire +z-axis (A − are related via a gauge transformation so these different potentials lead to the same magnetic field. Further one can hide the string singularity in the gauge potential, making it unphysical, by requiring that the Aharonov-Bohm phase shift [3] [4] is some integer multiple of 2π. This leads to the famous Dirac quantization condition between electric (e) and magnetic (g) charges eg = n 2 .
We set c = 1 throughout. This condition can also be obtained by calculating the field angular momentum of an electric charge and magnetic charge separated a vector R [5] [6] [7] giving
whereR is the unit vector from the magnetic charge to the electric charge. Fixing the magnitude of L
EM to be some integer multiple of 2 immediately gives (2) . We now investigate how allowing the photon to become massive changes some of these results.
II. MAXWELL'S EQUATIONS WITH MAGNETIC CHARGE AND NON-ZERO PHOTON MASS
For a photon with a mass m, Maxwell's equations with both electric and magnetic sources are (in Gaussian units and using 4-vector notation)
where
2 ǫ µναβ F αβ are the usual field strength tensor and dual field strength tensor respectively. With the addition of the mass term, m 2 A µ , the equations in (4) are known as the Proca equations. The equations given in (4) are in the 4-vector form written down in reference [8] in order to study magnetic charge with a photon mass term (compare (4) to equations (3a)(3b) in [8] ) . Looking at the two equations in (4) one can see that adding the photon mass term, m 2 A µ , spoils the usual duality between electric and magnetic quantities of Maxwell's equations with a massless photon.
There are other approaches to magnetic charge where one can extend the duality down to the level of the potentials. The best known, alternative approach is the Cabibbo-Ferrari formulation of magnetic charge [9] where one introduces two 4-vector potentials. A detailed discussion of how duality and magnetic charge co-exist in the Cabibbo-Ferrari formulation can be found in references [10] [11] [12] . In addition, reference [11] [12] incorporates a photon mass term in the Cabibbo-Ferrari formulation of magnetic charge using the Higgs mechanism rather than adding the photon mass term by hand as was done in (4) and in [8] . In this way one breaks the initial U (1) × U (1) symmetry down to a single U (1) symmetry, with one massless photon (the "electric" photon) and one massive photon (the "magnetic" photon). There are other works which also consider an expanded potential sector. Reference [13] is the earliest work we found to consider both magnetic charge and photon mass. This paper also introduced two 4-vector potentials but which differ in detail from the Cabibbo-Ferrari formulation. Reference [14] also considered two gauge potentials, but followed the Cremmer-Scherk-Kalb-Ramond (CSKR) model [15] [16] where one gauge potential was a 4-vector while the other gauge potential was a 4-tensor of rank two. Both [13] and [14] look at the effect of combining magnetic charge plus a mass term for one or more of the gauge potentials.
In this paper we follow the step up of reference [8] where there is only one 4-vector potential and with the photon mass term put in by hand. This means we are giving up electric-magnetic duality. The 4-vector form of the equations given in (4) can be written in 3-vector form as
The system of equations (5) (6) (7) (8) are those given in [8] . We will find exact, simple solutions to equations (5) (6) (7) (8) which differ from those found in [8] . The solution we find here is different from those found in the two potential approaches of [11] [12] [13] [14] . We now present an exact, closed form solution to equations (5) (6) (7) (8) . At the level of the potentials one has E = −∇φ − ∂A ∂t → −∇φ and B = ∇ × A. The arrows in (6) (8) indicate the limit we are considering of timeindependent fields (∂ t E = ∂ t B = 0) and static sources (J (e) = J (m) = 0). The expression E = −∇φ can be combined with the divergence of the electric field in (5) to give −∇ 2 φ + m 2 φ = 4πρ (e) . For a delta function source ρ (e) = eδ 3 (r) this has the well known Yukawa solution φ = e e −mr r (9)
In the previous study of solutions to the system of equations (5) (6) (7) (8) reference [8] used E = e e −mr r 2r for their electric field, whereas our electric field is given by (10) . We believe that [8] incorrectly applied the Yukawa form to the field rather than the scalar potential as given in (9) above. It is straightforward to check that φ, E from (9) (10) solve the electric field equations (5) (6) and as well φ solves −∇ 2 φ + m 2 φ = 4πeδ 3 (r). Thus equations (9) and (10) are exact solutions to the electric half of the Proca equations with electric point sources. Equations (9) and (10) are the well known Yukawa solution for the scalar potential and associated electric field. We now move on to the two magnetic field equations (7) (8) and show that there is a simple, Yukawa-like solution to these equations.
Inserting B = ∇ × A into the second equation in (7) yields the second order equation −∇ 2 A + m 2 A = 0 which is similar to the second order equation for φ but without the source term.
1 In the electric case the scalar potential for a massive photon was obtained simply by multiplying the Coulomb potential by e −mr giving φ in (9) . Motivated by the electric case, we assume that the massive 3-vector potential is given by A
± multiplied by e −mr . From this assumed form for A ± we obtain the magnetic field via B ± = ∇ × A ± .
Here A
± (r) is 3-vector potential in the massless case (1). We will now show that (11) (12) 2 are exact solutions to the two magnetic equations (7) (8), as well as satisfying −∇ 2 A + m 2 A = 0 and the requirement ∇ · A = 0. First, since A ± has only aφ component and does not depend on ϕ one immediately sees that ∇ · A ± = 0. Second, using
∂ϕ 2 is the usual Laplacian applied to a scalar quantity. Using A ± from (11) and performing the lengthy derivatives shows that −∇ 2 A ± + m 2 A ± = 0. Fourth, for the divergence of the magnetic field we calculate the radial component first as
We have used ∇ · r r 2 = 4πδ 3 (r) and e −mr δ 3 (r) → δ 3 (r). Evaluating the divergence of theθ component of B ± gives
combining (13) and (14) solves equation (7) with a delta function source i.e. ∇ · B ± = 4πgδ 3 (r) = 4πρ (m) . We have shown that the potentials and fields in (9) (10) (11) (12) are exact solutions for the electric and magnetic fields of Maxwell's equations with both electric and magnetic sources and a photon mass. The electric case in (9) (10) is the well known Yukawa solution but the results for the 3-vector potential and magnetic field in (11) (12) are given here for the first time as far as we know. All the potentials and fields fall off with the factor e −mr as one would expect for a massive photon. This is in contrast to the claim for the magnetic field in [8] which is built around the usual Dirac string 3-vector potential in (1) and thus has a Coulomb magnetic field in the far field region. Physically this is not what one would expect -with a photon mass term the fields and potentials are expected to fall off like e −mr as we found for the solutions presented here. In any case by explicit calculation we have shown that (9) (10) (11) (12) are exact solutions to the Proca equations with point electric and magnetic sources i.e. (5) (6) (7) (8).
There are several noteworthy aspects to the magnetic field solution in (12): (i) The string singularity of the 3-vector potential is still present in B through theθ component. By adding a photon mass the string singularity has become a physical object. One can see the physical character of the string singularity in B by calculating the magnetic field energy (
) and see that it diverges not only at r = 0, as in the massless photon case, but all along the ±z axis.
1 To arrive at this result one uses ∇ · A = 0 which is not the Coulomb gauge condition. In massive electrodynamics one requires ∂µA µ = 0 by current conservation [3] which since we are considering time-independent potentials and fields becomes ∇ · A = 0. (ii) + − ∇(λ) with λ = 2gϕ, thus guaranteeing that the magnetic field coming from either A (0) ± is the same. Due to the addition of the e −mr factor in A ± these two 3-vector potentials are not related by a gauge transformation and thus the two resulting B -fields are distinct.
(iii) Since the string singularities in B ± are real, one can no longer hide them for isolated magnetic charges. One can still effectively hide these infinite string singularities in B ± by requiring that magnetic charges always come in permanently confined +g and −g pairs (i.e. monopole-antimonopole pairs). These opposite magnetic charge pairs would still have a finite, singular string connecting them. This is like a classical version of the confinement of color charge in QCD, where quarks are permanently confined via a finite string (i.e. a color field flux tube) running between the quarks. Another option for smoothing out the string singularities in the magnetic field of the present solutions might be to introduce the photon mass via a symmetry breaking scalar field, rather than putting it in by hand as is done here. This smoothing of field singularities via the introduction of a symmetry breaking scalar field is exactly what occurs for 't Hooft-Polyakov [17] monopoles, where the point singularity of a Dirac monopole is smoothed into a finite core.
(iv) The magnetic field in the present case is no longer spherically symmetric as can be seen explicitly by comparing the magnetic field from the massive photon case as given in (11) with the Coulomb magnetic field B = gr r 2 . In the presence of magnetic charge there is a connection between the gauge charge, e, and the space-time symmetry of rotational invariance connected with angular momentum as given in (3) . Given this connection between the gauge charge, e, and angular momentum/rotational invariance one might suspect that rotational invariance will be broken if the gauge symmetry is broken by adding a photon mass.
III. ANGULAR MOMENTUM AND DIRAC QUANTIZATION CONDITION
In this section we investigate the Dirac quantization condition in the presence of a photon mass. We follow the field angular momentum derivation of the Dirac quantization condition: calculate the electromagnetic field angular momentum of a electric charge-magnetic charge system and then require this to be some integer multiple of 2 [5] [6] [7] . A rigorous justification for this procedure in terms of the commutation relationships of the total angular momentum (mechanical plus field angular momentum) is given in [18] [19] [20] . In the present work we will consider the simplified case when the electric charge and magnetic charge are at the same location. For a massless photon, if one put the electric charge and magnetic charge at the same location, one arrives at the trivial result of zero field angular momentum. However, with a massive photon the magnetic field of the monopole has aθ component (see (12) ) which gives a non-zero field angular momentum even when charges are at the same location. The more difficult case when the two charges are at different locations is work in progress [21] .
There are several changes one must take into account when one has a massive photon. First, the energy-momentum tensor has an additional term compared to the massless photon case. For a massless photon one has T 0i = (E × B) i while for the massive case one has T 0i = (E × B) i + m 2 φ e A i (see chapter 12 of [3] , in particular problem 12.16). This additional term, m 2 φ e A i , gives rise to an extra term in the angular momentum density. Using the fields from (10) (12) and the potentials from (9) (11) we find the field angular momentum density is
where we have usedr ×r = 0,r ×θ =φ andr ×φ = −θ. Recalling thatθ = cos θ cos ϕx + cos θ sin ϕŷ − sin θẑ the dϕ integration of the volume integral of r × (E × B) + m 2 φ e r × A ± will give zero for thex,ŷ components and 2π for thê z. Preforming the remaining integrals in dr and dθ (which we change to dx via the standard substitution x = cos θ) gives
The result (in this special case) is exactly the same as in massless photon case! Applying the condition that this field angular momentum in (16) equal n 2 thus yields the same Dirac condition on the charges as for a massless photon. This is supported by recent work [22] which argues that adding both magnetic charge and photon mass to electromagnetism (mathematically the system given by equations (9) (10) (11) (12)) one should still obtain the usual Dirac quantization condition.
One might wonder why the photon, mass m does not appear in the field angular momentum result in (16) . The non-appearance of m is connected with the special case we are considering, where both e and g are at the origin i.e. we are working in the limit r → 0. In this limit the effect of the exponential factor in the fields and potentials is not felt since e −mr → 1. In the case when the electric charge and magnetic charge are not placed at the same location we have found [21] that the photon mass, m, does enter into the expression for the field angular momentum. In the case when electric charge is displaced along the z-axis to a point ±Rẑ, and the string singularity of the magnetic field runs through the electric charge (for the electric charge at ±Rẑ this means the B ∓ magnetic field) we find that the field angular momentum is L EM = ∓2eg exp[−mR]. In the case when the string singularity of the magnetic field does not pass through the electric charge (for the electric charge at ±Rẑ this means the B ± magnetic field) we find that the field angular momentum is L EM = 0. These two preliminary results with the electric charge moved to some place on the z-axis, are in agreement with the result for the field angular momentum with both charges at the origin. In equation (16) the field angular momentum comes entirely from the string singularity part of the magnetic field (theθ term in (12)), and the point singularity part of the magnetic field (ther term in (12)) contributes nothing. The non-contribution of ther term when the two charges are at the origin is exactly what one finds in the massless photon case. When the electric charge is moved to ±Rẑ, and with the magnetic field string singularity running through the electric charge, one has equal contributions from both ther andθ terms of the magnetic field from (12), but now both contributions are reduced by the expected exp[−mR] factor. When the magnetic field string singularity does not run through the electric charge, one has equal magnitude but opposite sign contributions from ther andθ terms of the magnetic field, and so one gets L EM = 0. The general case for the electric and magnetic charges at different locations is much more involved and we are currently working out the field angular momentum for this general case. We will then use this result to study the quantum aspects of magnetic charge plus photon mass by working out how the total angular momentum commutation relationships work out, as is done for the massless photon case in references [18] [19] [20] . We hope to report on results of this much more complex analysis soon [21] .
IV. SUMMARY AND DISCUSSION
In this work we have analyzed how the theory of magnetic charge is altered by the inclusion of a photon mass. The system of equations used (i.e. (5) (6) (7) (8)) were those considered in reference [8] . In this paper, as in [8] , the photon mass term is put in by hand. More realistically we have in mind that the photon mass term should arise from the Higgs mechanism which would mean introducing a symmetry breaking scalar field. The introduction of a dynamical Higgs-like scalar field might connect with the approach used reference [23] which studied magnetic charge plus photon mass using a generalized Julia-Toulouse approach to handle topological currents. This resulted in a low energy effective theory where magnetic charges where confined by open, non-singular magnetic vortices.
The differences we found from the case of magnetic charge with a massless photon are: (i) The string is now a real singularity which shows up, not only in the 3-vector potential, but in the magnetic field -see equations (1) (11) (12).
(ii) The magnetic field has aθ-component in addition to the expectedr-component -see equation (12) . The spherical symmetry of the magnetic field is lost. (iii) The two different 3-vector potentials from equation (11) are distinct, gauge inequivalent solutions, which give different magnetic fields. In the massless photon case the 3-vector potentials A (0) ± , are gauge equivalent and give the same magnetic field. (iv) As in the massless photon case the system of a magnetic charge plus electric charge carries a field angular momentum. Unlike the massless photon case, this field angular momentum persisted when the two charges are at the same location due to the newθ-component of the magnetic field in the massive photon case. Thisθ-component is connected with the string singularity in the magnetic field. (v) In the special case when the electric and magnetic charges are at the same location, the field angular momentum has a magnitude eg, which is exactly the same as in the massless case. Applying the requirement that this field angular momentum equal some integer multiple of 2 then returns the usual Dirac condition (2).
One of the worrisome aspects of the present solutions is the real string singularity coming from theθ component of the magnetic field in (12) . One way to "cut" this infinite, singular string down to a finite, singular string is to propose that magnetic charges are always confined into +g and −g pairs, with string singularities running in the same direction. For example, by placing a +g charge at r = 0 and a −g charge at r = Rẑ, with each charge having the field B ± (r) and B ± (r − Rẑ) respectively, one will get a partial cancellation of the strings from each charge in the region −∞ < z < 0 for the B + case and in the region R < z < ∞ for the B − case. In the region 0 < z < R one still has a finite, singular string connecting the magnetic charges. This is similar to the flux tube model of QCD confinement where color electric charges are confined by a color electric flux tube stretching between the charges. Reference [13] comes to a similar conclusion: that magnetic charges are confined into oppositely charged pairs connected by a finite length (but singular) Dirac string when the photon is massive. The confinement of magnetic charge with a massive photon was also found in reference [23] which used a generalized Julia-Toulouse approach [24] [25] [26] for handling the condensation of topological currents (charges or defects). One difference between the string confinement picture of the present paper (and also of reference [13] ), and the QCD flux tube confinement picture or the results from reference [23] , is that the finite Dirac strings connecting the magnetic charges in this work (or in [13] ) are singular, while the flux tubes in QCD or the magnetic vortex of [23] are non-singular. This is to be expected since the solutions presented here and those given in [13] are purely classical. In QCD the flux tubes arise in the context of a quantized theory and thus one might hope that quantizing the present solutions might turn the singular classical strings into non-singular, quantum strings.
Since photons have a very low upper bound to their mass (m photon < 10 −18 eV [27] ) one might suppose that their mass is exactly zero and so the above analysis has no physical application. However, there are some physical quantities which are "anomalously small" yet non-zero (e.g. the cosmological constant) so one should keep open the option the that photon mass is small but non-zero. In addition one could think to embed the Abelian, U (1) monopole string solutions of the present work in a non-Abelian theory where the "photons" do have a mass or an effective mass. In the electroweak interaction one has a massive "photon" (the Z-boson); in QCD gluons can be thought of as having an effective mass.
